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Abstract 
The reliability of the component of a wind turbine is often highly dependent on defects introduced during the manufacturing 
process. In this paper a stochastic model is proposed for modeling these defects and the influence on the fatigue life is 
considered. Basically the defects assumed distributed by a Poisson process / field where the defects form clusters that consist of a 
parent defect and related defects around the parent defect. The fatigue life is dependent on the number, type, location and size of 
the defects in the component and is therefore quite uncertain and needs to be described by stochastic models. In this paper, the 
Poisson distribution for modeling of defects of component are considered and the surface and sub-surface defects categorized. 
Furthermore, a model to estimate the probability of failure by fatigue due to the defects is proposed. Moreover, the relation 
between defect distribution and fatigue life of component explained.  
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of organizing committee of Institute of Engineering and Computational Mechanics University 
of Stuttgart.  
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1. Introduction 
Wind energy has become an attractive source of renewable energy, and its installed capacity worldwide has 
grown significantly in recent years. Understanding the availability of wind turbines is vital to maximize wind 
turbine energy production and minimize the payback period. The wind turbine components are exposed to stochastic 
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loads varying during the design working life of wind turbines. In this paper casted component are considered. Due to 
highly variable loads, these components may fail due to wear and / or fatigue. 
Current fatigue designs are typically based on the life design approach1. In the safe life design, fatigue testing is 
carried out on baseline material to produce SN curves. However, the fatigue strength is highly uncertain and 
statistical uncertainties due to a limited number of tests can be important to be included in modeling the fatigue 
strength. Moreover, the manufacturing process may affect the statistical uncertainties and different manufacturing 
processes may lead to the need to use different statistical models for the material strengths2. 
The fatigue life of cast iron is often controlled by the growth of cracks initiated from defects such as shrinkage 
cavities and gas pores3. Since fatigue cracks are frequently observed early in life, it is usually assumed that the crack 
initiation stage is negligible. To predict the fatigue life, defects are considered as pre-existent cracks and fatigue life 
and fatigue limit are controlled by the crack propagation law and by the threshold of the stress intensity range, 
respectively. Thus, to predict the fatigue life of cast components by a damage tolerant approach, the position and 
size of the defects contained in the component are required. 
Early-life failures are often the result of poor manufacturing and inadequate design. A substantial proportion of 
early-life failure is also due to the presence of defects in the material. An important factor affecting the strength of 
components is the presence of defects due to processing, manufacturing or mechanical damage occurring during 
service4. Furthermore, most of the existing models relate the probability of failure initiated by defects to the 
probability of finding defects of particular sizes in the stressed volume. 
This paper focuses on statistical models of defect distribution in wind turbine components. To model the defect 
distribution, the location of defects (interior or surface) defects must be determined and the number of defects in 
each volume must also be modeled. It is noted that size, type, number, orientation and stress surface of defects affect 
the probability of failure. First, the distribution of defects in the specimen volume has to be modeled incl. cluster of 
defects in the interior and surface of the specimens. Finally, the relation between fatigue failure and defects has to be 
modeled. Further, the probability of failure is considered based on the models of distribution of defects. 
2. Defect distribution model 
Manufacturing of components often leads to some (small) defects that are distributed in the volume of the 
components. These defects are different according their size, type, orientation and etc. and influence the load-
bearing capacity of the components5. E.g. fatigue failures are often the result of manufacturing defects. Further, a 
substantial proportion of the fatigue failures are related to random variations of strengths in a complex function of 
material properties, design configuration and dimensions. An important factor affecting the strength of components 
is the presence of defects from processing or manufacturing. 
An important problem related to materials containing defects is determining the defect density in the component 
volume. In some cases, clustering of defects is strongly correlated with the probability of failure. Clustering of two 
or more defects within a small volume often decrease dangerously the load-bearing capacity and increases the stress 
concentration. Hence, the number of defects in each volume and the size / dimension of the defects should be 
modeled according to their size, type, orientation and etc. 
In order to determine the probability of fracture and distribution of fracture stress, all initiating defects are 
divided into categories depending on their type6. In the categories, each defect, according to its size, shape, and 
orientation etc., is characterized by a specific level of local maximum tensile stress, at which it triggers fatigue crack 
initiation. Each type of defect i is characterized by a cumulative distribution function FN,i(n;σ), giving the 
probability that fatigue crack will be initiated at a local maximum tensile stress smaller than or equal to σ. 
Hence, suppose that in a specimen with volume VT, M types of defects exist6. It is important to emphasize that the 
acts of nucleation of fatigue cracks in the groups of defects are independent events. In other words, a fatigue crack 
nucleation in a particular group is not affected by fatigue crack nucleation in other groups. This assumption is 
related to the condition of nucleation on a particular defect depending only on the local maximum tensile stress and 
on the strength and orientation of the defect6. According to this, the defects can be categorized in M groups of 
defects such that the size, type and orientation etc. of defects in each group are very close to each other. It is noted 
that each type of defects is characterized by a cumulative distribution function FN,i(n;σ) for the number of load 
cycles to failure, see below. 
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Furthermore, it is assume that the number of defects of group j can be modeled by a multi-dimensional Poisson 
process. Thus, if D is any region in the multi-dimensional space for which the area or volume of the region, |D| is 
finite. If N(D) is the number of defects in D, then 
P N D( ) = k( ) = λ D( )
k
e
−λ D
k!
   (1)
is the probability that the number of defects in D is k. Equivalently, the density function of the number of defects in 
group j in volume V of component is7: 
P k( ) = λ jV( )
k
e
−λ jV
k!
   (2)
where λj is the average number of defects of group j (there is M different groups of defects). The probabilities of 
occurrence of number of defects in different parts of the specimen can now be assessed using the Poisson 
distribution. The probabilities of occurrence of no defect and one defect or more in volume V are given by: 
P k = 0( ) = e−λ jV    (3)
P k ≥1( ) =1− P k = 0( ) =1− e−λ jV    (4)
Equations (1 – 4) are general equations for modeling the defect distributions of j-th group of defects. As 
mentioned above, there are M groups of defects that are categorized according to their defect size, type, orientation 
and etc.  
In the next step, the whole component is modeled. Suppose that in a specimen with volume VT, a smaller volume 
dVi is stressed to a tensile stress σi which is assumed to be uniform inside the volume dVi. The fracture stress 
associated with the stressed volume dVi is the minimum stress σi at which a defect in the volume will initiate fatigue 
failure.  
VT = dVi
i=1
NV¦    (5)
where NV is the number of volumes dVi in volume VT. Fatigue cracks are assumed to initiate from surface cracks / 
defects or sub-surface cracks / defects. Volume dVi in equation (5) is rewritten as: 
dVi = Ai + dAi( )dl    (6)
where, Ai is interior area of each smaller volume and dAi is the area of the surface rim of a certain width wrapping 
around Ai such that the total cross-sectional area of the sample is Ai+dAi. Note that, it is assumed that all volumes are 
cylindrical (Figure 1). It must be noticed that the above equation can model other volumes too. 
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Fig. 1. The geometry of specimen volume. 
The probabilities of defect occurrence in different parts of the specimen can now be assessed using the Poisson 
distribution. Whether a specimen would fail by internal or surface crack initiation is determined by whether there is 
a cluster of defect at that location7. In this context, three cases are considered: 
• If there is a finite probability that there are cluster defects in the interior and no cluster defects in the surface rim 
volume, implying the specimens to fail only by internal initiation. 
• If there is a finite probability that there are cluster defects in the surface rim region and no cluster defect in the 
interior, implying the specimens to fail only by surface-initiation. 
• If cluster defects exist both in the interior as well as in the surface rim volumes, then, the specimen is likely to 
fail by surface-initiation only, because it is known that fatigue crack initiation at surface is accelerated by the air 
environment 
The probability of occurrence of interior defects, Pint,j , is the probability that one or more defects from group j in 
Ai with no such defects present in dAi. This can be written on the basis of Equations (5) and (6) as7  
Pint, j = 1− e
−λ j Aidl( )( )e−λ j dAidl( )    (7)
Similarly, the probability of occurrence of surface defects, Psurf,j , is equal to the probability that at least one or 
more defect from group j will occur in dAi regardless of a defect from group j being absent or present in the interior 
area Ai. In other words, the occurrence of a defect in the interior does not matter as long as one surface defect is 
present, since it will preferentially initiate a critical fatigue crack due to environmental effects7. The probability of 
surface-crack initiation is then given by the probability of presence of one or more defects in dAi  
P
surf , j =1− e
−λ j dAidl( )
   (8)
In the next section, the probability of failure of component due to existence of defects will be modeled. 
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3. Probability of failure according to defect distribution 
In the previous section, the defect location in the volume VT is modeled by a Poisson distribution. The volume VT 
is modeled as a “series system” of volumes dVi. The probability of failure of each volume dVi, is Pf,i . The 
probability Pf,i is dependent on 
• Probability of existence of defect in volume dVi. 
• Probability of failure when the defect exists in volume dVi. 
As mentioned above, the defects are categorized in M groups. For each one of these groups, the probability of 
failure should be evaluated. Hence, the probability of failure of each volume dVi  is written 
Pf ,i = P defect of j-th group exist in dVi( ) × P fatigue failure defect from j-th group exist( )ª¬ º¼
j=1
M¦  (9)
Equation (9) is established for both interior and surface defects and in each volume dVi.  
It is assumed that the defects follow a homogeneous Poisson process in the volume dVi. Defects are characterized 
by the distribution function FN,j for the number of load cycles to fatigue failure due to existence of defect(s) from the 
j-th group. The distribution function FN,j is assumed to follow a Weibull distribution2  
FN , j n;σ( ) =1− exp − 2nSV1 bn
σ
a0
σ f , j
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where σa0 is the alternating stress amplitude, σf,j is the fatigue strength according to a specific defect group, n is the 
number of load cycles to failure, mj is the fatigue strength exponent when defect is from group j and SV is ratio of 
volumes (the ratio of dVi/V0 , the V0 is the volume of test specimens that used for estimation the Weibull model). 
The values of mj and σf,j are subject to statistical uncertainties and should be evaluated by statistical analysis 
methods such as Maximum Likelihood Method or Bootstrapping based on the available data sets. The Weibull 
distribution should be determined for all M groups of defects. 
The probability of failure in the volume dVi can next be determined by subtracting from unity the probability of 
the complementary event that none of the defects will initiate failure4. This probability, 0 ),,( jirp  of the compound 
event: exactly r defects from group j-th exist in the volume dVi of the component and none of them initiates failure 
can be modeled by4: 
p(r ,i , j )
0
= P r  defects in dVi( ) × P none of defects will initiate failure r  defects( )  (11)
This probability is the probability of two statistically independent events: 
• exactly r defects from group j-th exist in volume dVi
• none of defects will initiate failure. 
The event 0
, jip  that “no failure will be initiated at a stress level σi in the volume dVi” is a union of disjoint events
0
),,( jirp , that no fracture will be initiated if the sample volume dVi contains r = 0, 1, 2, …, n defects. Consequently, 
the probability of the event 0
, jip  is a sum of the probabilities defined by: 
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pi , j
0
= p(r,i , j )
0
r
¦ (12)
Equation (12) can be generalized modeling interior and surface defects. If m defects are interior defects in 
volume dVi , then r-m defects will be surface defects. Hence, equation (12) can be written as: 
pi , j
0
= Pint,i , j × 1− FN , jª¬ º¼
k
k=0
m¦ + Psurf ,i , j × 1− FN , jª¬ º¼l
l=0
r−m¦ (13)
By substitution equations (7) and (8) in equation (13), equation (13) is rewritten as 
pi , j
0
= 1− e−λ j Aidl( )( )e−λ j dAidl( ) × 1− FN , jª¬ º¼k
k=0
m¦ + 1− e−λ j dAidl( )( ) × 1− FN , jª¬ º¼l
l=0
r−m¦  (14)
Equation (14) can be rewritten to 
pi , j
0
= 1− e−λ j Aidl( )( ) e−λ j dAidl( ) × 1− FN , jª¬ º¼k
k=0
m¦ + 1− FN , jª¬ º¼l
l=0
r−m¦­®°°¯
½¾°¿°
(15)
Then, the probability of failure due to defect from group j for the sub-components with volume dVi becomes 
Pf ,i , j =1− pi , j
0
=1− 1− e−λ j Aidl( )( ) e−λ j dAidl( ) × 1− FN , jª¬ º¼k
k=0
m¦ + 1− FN , jª¬ º¼l
l=0
r−m¦­®°°¯
½¾°¿°
 (16)
Equation (16) can be generalized for multiple groups. As mentioned above, the defects can be categorized in M
groups of defects that for each group the probability of failure can be evaluated. Thus, the probability that no failure 
will be initiated according to equation (15) is 
pi
0
= pj
0
j=1
M∏ = 1− e−λ j Aidl( )( )e−λ j dAidl( ) × 1− FN , jª¬ º¼k
k=0
m¦ + 1− e−λ j dAidl( )( ) × 1− FN , jª¬ º¼l
l=0
r−m¦­®°°¯
½¾°¿°j=1
M∏  (17)
where λj and FN,j are the defect number density and the probability of initiating failure characterizing a defect from 
the j-th group of defects. Hence, the probability of failure of fatigue for volume dVi can be written as 
Pf ,i =1− pi
0
=1− 1− e−λ j Aidl( )( )e−λ j dAidl( ) × 1− FN , jª¬ º¼k
k=0
m¦ + 1− e−λ j dAidl( )( ) × 1− FN , jª¬ º¼l
l=0
r−m¦­®°°¯
½¾°¿°j=1
M∏  (18)
The volume VT is assumed to be modeled as a “series system” of independent volumes dVi. Hence, the probability 
of failure of volume VT, can be written as 
Pf =1− 1− Pf ,i( )
i=0
NV∏ (19)
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Equation (20) is the probability of failure for volume VT. This model estimate the probability of failure of 
components estimated according to a defects distribution in the component volume. It is noted, that the cumulative 
distribution function FN,i(n;σ), is a critical point of this model and can be estimated based on fatigue test data. 
In these equations, the size, type, orientation, stress of defects considered but when there is a cluster of defects in 
component, the distance between each defects play very important role on fatigue life.  
4. Conclusion 
In this paper is considered basic models for assessment of the probability of fatigue failure due to manufacturing 
defects on casted components. The defects are categorized in different groups according to their size, type, 
orientation and etc. For each group, a Poisson distribution is used to model the distribution of defects in component 
volumes. Further, the defects are divided in two sub-groups of interior and surface defects.  
Next, the component volume is divided in smaller volume to make homogeneous stress in small volumes. In each 
sub-volume sections, the probability of failure is modeled. The probability of failure is a function of i) existence of 
defect(s) in sub-volumes, ii) the conditional probability of failure due to existence of defect(s) in sub-volumes. In 
this model, the interior and surface defects are separated from each other. For each sub-volume, the probability of 
failure is modeled. As the component volume can be considered as a series system of sub-volumes, the probability 
of failure of components formulated according to a series systems probability of failure model. 
Modeling the distance between defects in 3D dimension is very difficult due to completely random shape of 
defects in components. This point is considered in further work to increase the precision of introduced model. 
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